Starting from the original collective Hamiltonian of Bohr and separating the β and γ variables as in the X(5) model of Iachello, an exactly soluble model corresponding to a harmonic oscillator potential in the β-variable (to be called X(5)-β 2 ) is constructed. Furthermore, it is proved that the potentials of the form β 2n (with n being integer) provide a "bridge" between this new X(5)-β 2 model (occuring for n = 1) and the X(5) model (corresponding to an infinite well potential in the β-variable, materialized for n → ∞). Parameter-free (up to overall scale factors) predictions for spectra and B(E2) transition rates are given for the potentials β 2 , β 4 , β 6 , β 8 , corresponding to R 4 = E(4)/E(2) ratios of 2.646, 2.769, 2.824, and 2.852 respectively, compared to the R 4 ratios of 2.000 for U(5) and 2.904 for X(5). Hints about nuclei showing this behaviour, as well as about potentials "bridging" the X(5) symmetry with SU(3) are briefly discussed.
Introduction
Models providing parameter-independent predictions for nuclear spectra and electromagnetic transition rates serve as useful benchmarks in nuclear theory. The recently introduced E(5) [1] and X(5) [2] models belong to this category, since their predictions for nuclear spectra (normalized to the excitation energy of the first excited state) and B(E2) transition rates (normalized to the B(E2) transition rate connecting the first excited state to the ground state) do not contain any free parameters. The E(5) model appears to be related to a phase transition from U(5) (vibrational) to O(6) (γ-unstable) nuclei [1] , while X(5) is related to a phase transition from U(5) (vibrational) to SU(3) (prolate deformed) nuclei [2] . Both models originate (under certain simplifying assumptions) from the Bohr collective Hamiltonian [3] , which is known to possess the U(5) symmetry of the five-dimensional (5-D) harmonic oscillator [4] .
In the present paper we study a sequence of potentials lying between the U(5) symmetry of the Bohr Hamiltonian and the X(5) model. The potentials, which are of the form 1 u 2n (β) = β 2n /2, with n being integer, are depicted in Fig. 1 . For n = 1 an exactly soluble model with R 4 = E(4)/E(2) ratio equal to 2.646 is obtained, while X(5) (which corresponds to an infinite well potential) occurs for n → ∞ (in practice n = 4 is already quite close to X(5)). Parameter-independent predictions for the spectra and B(E2) values (up to the overall scales mentioned above) are obtained for the potentials β 2 , β 4 , β 6 , β 8 . In addition to providing a number of models giving predictions directly comparable to experiment, the present sequence of potentials shows the way for approaching the X(5) symmetry from the direction of U(5) and gives a hint on how to approach the X(5) symmetry starting from SU (3) .
In Section 2 of the present paper the exactly soluble model obtained with the β 2 potential, to be called X(5)-β 2 , is introduced and compared to X(5), while in Section 3 a sequence of potentials lying between the X(5)-β 2 and X(5) models is considered. Numerical results for spectra and B(E2) transition rates are given for all these potentials, which lie between the U(5) symmetry of the Bohr Hamiltonian [3, 4] and the X(5) model. A brief comparison to experimental data is given in Section 4, while in Section 5 perspectives for further theoretical work are discussed and the conclusions are summarized.
2. X(5)-β 2 : A new exactly soluble model 2.1 The β-part of the spectrum The original Bohr Hamiltonian [3] is
where β and γ are the usual collective coordinates, while Q k (k = 1, 2, 3) are the components of angular momentum and B is the mass parameter.
One seeks solutions of the relevant Schrödinger equation having the form Ψ(β, γ,
, where θ i (i = 1, 2, 3) are the Euler angles, D(θ i ) denote Wigner functions of them, L are the eigenvalues of angular momentum, while M and K are the eigenvalues of the projections of angular momentum on the laboratory-fixed z-axis and the body-fixed z ′ -axis respectively. As pointed out in Ref. [2] , in the case in which the potential has a minimum around γ = 0 one can write the last term of Eq. (1) in the form k=1,2,3
Using this result in the Schrödinger equation corresponding to the Hamiltonian of Eq.
(1), introducing reduced energies ǫ = 2BE/h 2 and reduced potentials u = 2BV /h 2 , and assuming that the reduced potential can be separated into two terms, one depending on β and the other depending on γ, i.e. u(β, γ) = u(β) + u(γ), the Schrödinger equation can be separated into two equations [2]
where β 2 is the average of β 2 over ξ(β) and ǫ = ǫ β + ǫ γ . In Ref. [2] Eq. (3) is solved exactly for the case in which u(β) is an infinite well potential
The relevant exactly soluble model is labeled as X(5) (which is not meant as a group label, although there is relation to projective representations of E(5), the Euclidean group in 5 dimensions [2] ). In particular, Eq. (3) in the case of u(β) being an infinite well potential is transformed into a Bessel equation, the relevant eigenvalues being
where x s,L is the s-th zero of the Bessel function
while the relevant eigenfunctions are
where c s,L are normalization constants. Eq. (3) is exactly soluble also in the case in which u(β) = β 2 /2. In this case, to which we are going to refer as the X(5)-β 2 model, the eigenfunctions are [5]
where Γ(n) stands for the Γ-function, L a n (z) denotes the Laguerre polynomials [6] , and
while the energy eigenvalues are
In the above, n is the usual oscillator quantum number. One can see that a formal correspondence between the energy levels of the X(5) model and the present X(5)-β 2 model, can be established through the relation
It should be emphasized that Eq. (12) expresses just a formal one-to-one correspondence between the states in the two spectra, while the origin of the two quantum numbers is different, s labeling the order of a zero of a Bessel function and n labeling the number of zeros of a Laguerre polynomial. In the present notation, the ground state band corresponds to s = 1 (n = 0). For the energy states the notation E s,L = E n+1,L of Ref.
[2] will be kept.
2.2
The γ-part of the spectrum In the original version of the X(5) model [2] the potential u(γ) in Eq. (4) is considered as a harmonic oscillator potential. The energy eigenvalues turn out to be
where n γ and K come from solving Eq. (4) for u(γ) being a harmonic oscillator potential
For K = 0 one has L = 0, 2, 4, . . . , while for K = 0 one obtains L = K, K + 1, K + 2, . . . . A variation of the X(5) model is considered in Ref. [7] , in which u(γ) is considered not as a harmonic oscillator, but as an infinite well
In this case the energy eigenvalues are given by
where
In the present X(5)-β 2 model, one can keep in Eq. (4) for u(γ) a harmonic oscillator potential, as in the X(5) model. As a consequence, the full spectrum is given by
which is an analogue of Eq. (13). Eq. (14) and the discussion following it remain unchanged. Yet another variation of the X(5) model is considered in Ref. [8] . In this case, when performing the separation of variables in Eq. (1) by using Eq. (2), one keeps the 4K 2 /3 term in Eq. (3) instead of Eq. (4). As a result, in Eq. (3) the term L(L+1)−K 2 appears in the place of L(L + 1), and the same substitution occurs as a consequence in Eqs. (7), (10), (11) , and (18) . In addition, the term 4K 2 /3 disappears from Eq. (4) and, as a consequence, the term containing K 2 is eliminated in Eqs. (13), (16), and (18).
Numerical spectra
Numerical results for the β-parts of the energy spectra (which correspond to no excitations in the γ-variable, i.e. to n γ = 0) of the X(5)-β 2 and X(5) models are shown in Tables   4 1 and 2. All levels are normalized to the energy of the first excited state, E 1,2 − E 1,0 = 1.0, where the notation E s,L = E n+1,L is used. The model predictions for these bands are parameter independent, up to an overall scale, as seen from Eqs. (6), (11). This is not the case for bands with n γ = 0, since in this case, as seen from Eqs. (13), (18) the extra parameters A, C and A ′ , C ′ enter respectively. Therefore, in the case of the (n γ = 1, K = 2)-band, the energies are listed in Table 1 after subtracting from them the relevant L = 2 bandhead, using the same normalization as above. In the case of the (n γ = 1, K = 2)-band, the conventions of Ref. [8] , described at the end of the previous subsection, have been used. The K = 0 bands are not affected by these conventions, anyway.
A comparison between the spectra of the X(5)-β 2 and X(5) models, given in Tables 1  and 2 , leads to the following observations:
a) The members of the ground state band are characterized by the ratios
The R 4 ratio within the ground state band is 2.646 in the case of X(5)-β 2 , as compared to 2.904 in the case of X(5). Furthermore, all normalized energy levels within the ground state band of X(5)-β 2 are lower than the corresponding X(5) normalized energy levels. The same holds within the n γ = 1 bands. Therefore X(5)-β 2 corresponds to nuclei "less rotational" than the ones corresponding to X(5).
b) The location of the bandheads of the various s-families is described by the ratios
TheR 2 ratio, related to the position of the bandhead of the s = 2 band, is 3.562 in X(5)-β 2 , while it is 5.649 in X(5). In other words, the s = 2 bandhead in X(5)-β 2 lies much lower than in X(5). The same holds for all bandheads of s-families, as seen in Table 2 .
c) The s = 2 bandhead in X(5)-β 2 lies almost midway between the 4 + 1 state and the 6 + 1 state of the ground state band (E 1,4 and E 1,6 respectively), while in X(5) the s = 2 bandhead is almost degenerate with the 6 + 1 state (E 1,6 ) of the ground state band. Indeed, in the case of X(5)-β 2 one has from Eq. (19) that R 4 = 2.646 and R 6 = 4.507, their midway being 3.577, as compared to 3.562, which is the position of the s = 2 bandhead.
A difference between the X(5)-β 2 and X(5) models can be seen by considering the ratios
In the X(5) case one obtains the series 
In addition the following limit holds
5
In contrast, in the framework of the X(5)-β 2 model the R ′ s ratios are independent of s = n+1
In the case of a simple 5-D harmonic oscillator this ratio would have been equal to 2.
The various ratios are shown in Fig. 2 . We remark that in the X(5) model the rotational collectivity of the bands decreases with increasing s (a fact already mentioned in Ref. [2] ), while in the X(5)-β 2 model the rotational collectivity remains invariant with increasing n = s − 1. Furthermore, the X(5)-β 2 constant value of the R ′ osc s ratio is the limiting value of the X(5) R ′ s ratio for s → ∞.
B(E2) transition rates
In nuclear structure it is well known that electromagnetic transition rates are quantities sensitive to the details of the underlying microscopic structure, as well as to details of the theoretical models, much more than the corresponding spectra. It is therefore a must to calculate B(E2) ratios (normalized to B(E2:2
The quadrupole operator has the form [9]
where t is a scale factor, while the B(E2) transition rates are given by
The matrix elements of the quadrupole operator involve an integral over the Euler angles, which is the same as in Ref. [2] and is performed by using the properties of the Wigner D functions, of which only D
µ,0 participates, since γ ≃ 0 in Eq. (25) (as mentioned before Eq. (2)), as well as an integral over β. After performing the integrations over the angles one is left with
where the Clebsch-Gordan coefficient (L s 2L ′ s ′ |000) appears, which determines the relevant selection rules. In the case of X(5) the integral over β is
which, as seen from Eq. (8), involves Bessel functions, while in the case of X(5)-β 2 the integral has the form
with n = s − 1 and n ′ = s ′ − 1, which involves Laguerre polynomials, as seen from Eq. (9). The results for intraband transitions are reported in Table 3 , while interband transitions are listed in Table 4 . All transitions are normalized to B(E2 : 2 . This is consistent with the fact that the various bands in X(5)-β 2 appear to be "less rotational" than the corresponding bands in X(5), as remarked above. It is well known from experimental data that in near-rotational nuclei the B(E2)s within the ground state band have high values which increase relatively slowly with increasing initial angular momentum, while in nearvibrational nuclei the B(E2)s within the ground state band have low values which increase rapidly with inreasing initial angular momentum (in the absence of bandcrossings). This experimental picture is consistent with the intraband B(E2)s listed in Table 3 .
b) As far as interband transitions are concerned, it is seen in Table 4 that transitions which are strong in X(5) appear also to be strong in X(5)-β 2 , while transitions weak in X(5) are weak in X(5)-β 2 as well. 3. A sequence of potentials lying between U(5) and X(5) 3.1 General The two cases mentioned in the previous section are the only ones in which Eq. (3) is exactly soluble, giving spectra characterized by R 4 ratios 2.646 and 2.904 for X(5)-β 2 and X(5) respectively. However, the numerical solution of Eq. (3) for other potentials is a straightforward task. The potentials to be used in Eq. (3) have to obey the restrictions imposed by the 24 transformations mentioned in [3] and listed explicitly in [10] .
A particularly interesting sequence of potentials is given by
with n being an integer. For n = 1 the X(5)-β 2 case is obtained, while for n → ∞ the infinite well of X(5) is obtained [11] , as shown in Fig. 1 . Therefore this sequence of potentials interpolates between the X(5)-β 2 model and the X(5) model, in the region lying between U(5) and X(5).
Spectra
Numerical results for the spectra of the β 4 , β 6 , and β 8 potentials have been obtained through two different methods. In one approach, the representation of the position and momentum operators in matrix form [12] has been used, while in the other the direct integration method [13] has been applied. In the latter, the differential equation is solved for each value of L separately, the successive eigenvalues for each value of L labeled by s = 1, 2, 3, . . . (or, equivalently, by n = 0, 1, 2, . . .). The two methods give results mutually consistent, the second one appearing of more general applicability. The results are shown in Tables 1 and 2 , where excitation energies relative to the ground state, normalized to the excitation energy of the first excited state, are exhibited.
In Tables 1 and 2 From Tables 1 and 2 it is clear that in all bands and for all values of the angular momentum, L, the potentials β 4 , β 6 , β 8 gradually lead from the X(5)-β 2 case to the X(5) results in a smooth way. The same conclusion is drawn from Fig. 3(a) , where several levels of the ground state band of each model are shown vs. the angular momentum L, as well as from Fig. 3(b) , where the bandheads of several excited bands are shown for each model as a function of the index s.
B(E2) transition rates
The calculation of the B(E2)s follows the steps described in subsection 2.4. Eq. (27) is still valid, the only difference being that in the integral over β the wave functions in the present cases are known only in numerical form and not in analytic form as in Eqs. (28), (29).
The results of the calculations for intraband transitions are shown in Table 3 , while interband transitions are shown in Table 4 . In addition, the normalized B(E2) transition rates within the ground state band of each model are shown in Fig. 3(c) . In all cases a smooth evolution from X(5)-β 2 to X(5) is seen. Furthermore, the results are in agreement to general qualitative expectations: the more rotational the nucleus, the less rapid the increase (with increasing initial angular momentum) of the B(E2) ratios within the ground state band should be. Indeed the most rapid increase is seen in the case of X(5)-β 2 , while the slowest increase is observed in the case of X(5).
Comparisons to experimental data
From the above observations, we conclude that a few key features of the X(5)-β 2 model, which can serve as benchmarks in the search for nuclei exhibiting such behavior, are the following:
a) The R 4 ratio (defined in Eq. It is clear that the first place to look for nuclei exhibiting X(5)-β 2n behaviour is the region close to nuclei showing X(5) structure. The best examples of nuclei corresponding to the X (5) [19, 20] can be a candidate for X(5)-β 4 . Existing data for the ground state bands and the β 1 -bandheads of these nuclei are compared to the corresponding model predictions in Table 5 . However, much more detailed information on spectra and B(E2) transitions is needed before final conclusions can be reached.
Conclusion
An exactly soluble model, labeled as X(5)-β 2 , has been constructed starting from the original Bohr collective Hamiltonian, separating the β and γ variables as in the X(5) model of Iachello, and using a harmonic oscillator potential for the β-variable. Furthermore it has been proved that the potentials β 2n (with n being integer) provide a "bridge" between this new X(5)-β 2 model (occuring for n = 1) and the X(5) model of Iachello (which is obtained by putting in the Bohr Hamiltonian an infinite well potential in the β-variable, materialized for n → ∞). Parameter-free (up to overall scale factors) predictions for spectra and B(E2) transition rates have been given for the potentials β 2 , β 4 , β 6 , β 8 , called the X (5) A sequence of potentials interpolating between the U(5) and E(5) symmetries should also be worked out. Furthermore, one should try to find a sequence of potentials interpolating between SU(3) and X(5), as well as between O(6) and E(5). In other words, one should try to approach E(5) and X(5) "from the other side". From the classical limit of the O(6) and SU(3) symmetries of the Interacting Boson Model [21] it is clear that for this purpose potentials with a minimum at β = 0 should be considered, the Davidson-like potentials [22] 
being strong candidates. The Davidson potential, corresponding to n = 1, is known to be exactly soluble [22, 23] . Work in these directions is in progress. The potentials β 2n , with n = 1 (harmonic oscillator, solid line), n = 2 (dash line), n = 3 (dash dot), n = 4 (dot), n = 8 (das dot dot), n = 16 (short dash dot), n = 32 (short dot), gradually approaching (with increasing n) the infinite well potential. Table 1 : Spectra of the X(5)-β 4 , X(5)-β 6 , and X(5)-β 8 models, compared to the predictions of the X(5) (Eq. (6)) and X(5)-β 2 (Eq. (11)) models, for some s = 1 bands. See subsections 2.3 and 3.2 for details. For the (n γ = 1, K = 2)-band the conventions of Ref. [8] have been used, as mentioned in subsection 2.2. Table 4 : Same as Table 3 , but for interband transitions. 
